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Extending the Reach of a Rod
Injected Into a Cylinder Through
Distributed Vibration
We present results of an experimental investigation of a new mechanism for extending the
reach of an elastic rod injected into a horizontal cylindrical constraint, prior to the onset of
helical buckling. This is accomplished through distributed, vertical vibration of the con-
straint during injection. A model system is developed that allows us to quantify the critical
loads and resulting length scales of the buckling configurations, while providing direct
access to the buckling process through digital imaging. In the static case (no vibration), we
vary the radial size of the cylindrical constraint and find that our experimental results are in
good agreement with existing predictions on the critical injection force and length of
injected rod for helical buckling. When vertical vibration is introduced, reach can be
extended by up to a factor of four, when compared to the static case. The injection speed
(below a critical value that we uncover), as well as the amplitude and frequency of vibration,
are studied systematically and found to have an effect on the extent of improvement attained.
[DOI: 10.1115/1.4029251]

1 Introduction

The insertion of a slender rodlike structure into a cylindrical
constraint can lead to buckled configurations that may eventually
jam, or lock-up, the system and prevent further injection [1]. This
process arises in a variety of natural and engineering systems,
ranging from deoxyribonucleic acid and nanorods [2], to vascular
catheters [3], and coiled tubing operations in the oilfield [4]. In
particular, for the latter example at the kilometer scale, the axial
force that drives buckling typically builds up due to the frictional
interaction between the filamentary structure and the surface of
the pipe [5] or collision with an obstruction [6].

Earlier studies on the constrained buckling of rods focused on
the case of compression of a fixed length of rod inside of a fric-
tionless cylinder [7–10] and the effect of friction was considered
subsequently [11–14]. Suryanarayana and McCann [15] intro-
duced transverse vibrations in their experiments, which they found
could be used to reduce frictional effects, even though the process
was not explored systematically. More recently, the lock-up of a
frictional rod injected into a cylinder has been studied in the con-
text of coiled tubing operations in horizontal wells [16,17]. Coiled
tubing is a continuous length of steel pipe that can be inserted con-
tinuously and efficiently (compared to drill pipe, which is added
in discrete 30-foot-long sections) into a producing wellbore for a
variety of interventions including clearing produced sand, remov-
ing near-wellbore damage, or data logging [18,19]. While current
drilling technologies have enabled drilling wells with horizontal
sections over 11 km long [20], coiled tubing is unable to access
the total depth of such wells [21]. Efforts in delaying lock-up, also
known as reach extension, studied in the literature can be charac-
terized as either passive methods (e.g., changing the coiled tub-
ing’s material [17], diameter [22], removing imperfections [23],
or using friction reducing fluid [24]), or active methods (e.g.,

employing a device such as a tractor [25] or vibrator [26]). Predic-
tively understanding the mechanisms underlying lock-up and
devising ways to delay its onset is a challenging endeavor given
the nature of the nonlinearities involved, both at the level of
geometry of the rod [27] and the contact with the constraint.

Here, we experimentally explore a mechanism for delaying the
helical buckling process of a rod injected into a horizontal cylin-
drical constraint. The frictional contacts between the rod and pipe
during insertion are destabilized by vertical transverse vibrations
of the constraining pipe. This results in a significant extension of
reach by as much as a factor of four, when compared to the static
case (no vibration). This mechanism involves the dynamical
response of the buckled configurations of the rod and is strongly
affected by the injection speed of the rod, as well as the frequency
and amplitude of the vibration. Our findings suggest a possible
mitigation method for delaying lock-up in coiled tubing opera-
tions in extended reach wells and provide design guidelines in
terms of injection speed and vibration parameters.

Our paper is organized as follows: In Sec. 2, we present our
experimental model system for injecting a rod into a horizontal
cylindrical constraint with a distributed shaker system. The
experiment is first run without vertical vibration in Sec. 3, with
the results compared to existing theoretical predictions. In Sec. 4,
we consider experiments with vertical vibration, where the results
are normalized by the corresponding static values to quantify the
relative improvements in reach. Conclusions are given in Sec. 5.

2 Experimental Setup

In our benchtop precision model experiments, we rescale the orig-
inal problem of the lock-up of coiled tubing in horizontal wellbores
at the kilometer scale for systematic exploration. A slender elasto-
meric rod is injected into a horizontal pipe, which can be either static
or vibrated vertically. This analog system is studied in a laboratory
setting, with the emphasis of exploring mechanisms to extend reach.

In Fig. 1 (insets: I–V), we present representative photographs
(side view) of the static case, as the length of injected rod, l, is
progressively increased at a constant injection velocity, v. Ini-
tially, straight rod (Fig. 1, I) first buckles into a sinusoidal mode
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(Fig. 1, II), and eventually into a helical configuration (Fig. 1, III),
which then leads to lock-up of the system with the rod having a
vertical helical pitch angle (Fig. 1, IV). Beyond lock-up, no fur-
ther advancement is possible and the system jams (Fig. 1, V).

Our experimental apparatus comprised a transparent borosilicate
glass pipe (2.54 m long) laid horizontally and supported at five
equally spaced clamps, into which an elastomeric rod (radius,
r¼ 1.55 mm) was inserted using a custom-built injector. The size
of the constraint was varied by replacing glass pipes with eight dif-
ferent inner diameters in the range 6.6<D (mm)< 33.6. The com-
bination of rod radius and constraint inner diameter sets the radial
clearance, Dr ¼ 1=2ðD� 2rÞ, as shown in the schematic diagram
of the inset of Fig. 2(a), varied in the range 1.75<Dr (mm)
< 15.25. The rod was cast nominally straight (i.e., negligible natu-
ral curvature) using a silicone-based rubber (polyvinylsiloxane)
with the following material properties: Young’s modulus,
E¼ 1290 6 12 kPa, Poisson’s ratio, �� 0.5, and volumetric mass,
q¼ 1200 kg/m3. Further details of the fabrication protocol of the
rod can be found in Refs. [28–30]. The injector was driven by a
stepper motor, which allowed for a fine control of the injection
speed in the range 1< v (cm/s)< 15. The injector itself was
mounted onto a linear air-bearing and connected to a load cell that
acquired time series of the injection force, P(t) (t is elapsed experi-
mental time), which was correlated to the injected length, l(t)¼ vt.
A representative curve for P(l) is presented in Fig. 1. The configu-
ration of the rod was directly imaged during each test using a digi-
tal video camera mounted above the pipe, near the injector.

The constraining pipe was also connected to four electromagnetic
shakers (located at midspan between clamps) to provide vertical
sinusoidal vibration. Piezoelectric single-axis accelerometers
mounted on the pipe, directly above the shakers, were used to char-
acterize the vibration. Both the frequency, f, and amplitude, A, of the
sinusoidal driving were recorded, from which the dimensionless
acceleration (taken as a control parameter), C, was then quantified as

C ¼ 4p2 Af 2

g
(1)

where g is the acceleration due to gravity. We also define the peak
velocity of the sinusoidal vibration, vpk, as

vpk ¼
Cg

2pf
(2)

Fig. 1 Injection force, P, versus injected length, l, for a rod
(E 5 1290 6 12 kPa, q 5 1200 kg/m3, and r 5 1.55 mm) injected
into a glass pipe (D 5 12.0 mm and Dr 5 4.4 mm) at velocity,
v 5 0.1 m/s. Inset: profile-view photographs of configurations at
different values of l 5 {0.22, 0.73, 0.79, 0.98, and 1.05} m.
I—straight; II—sinusoidal; III, IV—helix initiation at lh (solid line)
and lock-up at lc (dashed line); and V—end of test.

Fig. 2 (a) Helix initiation length, lh, versus radial clearance,
Dr. Theoretical prediction comes from Eq. (3), with
l 5 0.54 6 0.11 (solid line for the mean; dashed lines for the
standard deviation). Inset: Schematic definition of Dr. (b)
Reaction force at helix initiation, Ph, versus Dr. Equation (4)
is plotted as a solid line. (c) Helix initiation length, lh, as a
function of injection speed, v, for two radial clearances,
Dr 5 4.4 and 9.2 mm. Dashed lines represent predictions
from Eq. (3). For parts (a) and (c), data points indicate the
mean of 10 runs, with error bars representing a standard
deviation of 10 runs. For part (b), data represents measure-
ments made within 0.02 m of lh for 10 runs.
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All tests were performed within the following ranges: Frequency,
35< f (Hz)< 200; amplitude, 0<A (mm)< 0.4; and dimension-
less acceleration, 0<C< 4. This oscillatory driving provided a
source of energy input into the system and destabilized the fric-
tional contacts between the rod and the pipe. The case when C¼ 0
is referred to as the static case (discussed in Sec. 3) and the
vibrated case when C> 0 (discussed in Sec. 4). A more detailed
account of our experimental apparatus can be found in Ref. [31].

3 Injection Into a Static Pipe

3.1 Experimental Results. We start our investigation in the
static regime (C¼ 0). In Fig. 1, we present results of a representa-
tive experimental run for the reaction load, P, at the injection
point, as a function of total arc length, l¼ vt, of rod injected at a
speed of v¼ 0.1 m/s and elapsed time, t. For small values of the
injected length (e.g., l¼ 0.22 m, Fig. 1, I), the rod lies along the
bottom of the pipe during injection and remains straight. We
assume that the axial load along the rod increases linearly along its
arc length due to frictional resistance with the surface of the pipe.
A portion of the rod eventually exceeds the first (of two) buckling
load and transitions into a sinusoidal configuration. At this point,
the rod’s geometry is spatially heterogeneous and consists of two
segments: A straight portion near the free tip (where the axial load
vanishes) and a sinusoidally meandering section nearer the injector
(see Fig. 1, II at l¼ 0.73 m) where the axial load is assumed to be
maximal and equal to P. During these early stages of injection, the
load at the injector, P, scales linearly with l, even as the rod under-
goes buckling from the originally straight to the sinusoidal config-
uration, with no significant increase in resistance to injection. The
coefficient of dynamic friction, l, that characterizes the interaction
between the injected rod and the constraining pipe (assuming dry
Coulomb friction) was measured from the slope of this linear
regime, dP/dl, which yielded l¼ 0.54 6 0.11, across all constrain-
ing pipes and injection speeds tested.

Upon further injection, a second critical buckling load is
reached and the rod buckles into a heterogeneous helical config-
uration (Fig. 1, III, l¼ lh¼ 0.79 m), with three distinct segments:
It is straight near the tip, helical next to the injector and sinusoi-
dal in between. We characterize the onset of helix initiation, lh,
by the total arc length of the injected rod when it first becomes in
contact with the top surface of the constraining pipe. Past lh, the
injection force, P, increases sharply with large oscillations that
corresponds to the generation of new pitches of the helix. In the
helically buckled portion, the normal force between the rod
and the pipe also increases dramatically, which leads to lock-up
(Fig. 1, IV, l¼ lc¼ 0.98 m), where the tip of the rod ceases to
advance and the length of the helical pitches decreases. Subse-
quent injection beyond lock-up results in coiling near the injector
with self-contact (Fig. 1, V, l¼ 1.05 m). The rod used in our
model system was made out of a hyperelastic material, which
allowed us to explore this regime of self-contacting helices with-
out undergoing inelastic deformations. However, in most engi-
neering systems, e.g., the metallic coiled tubing mentioned
above, such tight curvatures at lock-up would be associated with
irreversible failure, such as plasticity or fracture, of the constitu-
ent material. On the other hand, the curvatures of the rod up to
helix initiation are low and the rod remains in the elastic regime
(corresponding to material strains �1% [8]). As such, for the
remainder of our study, we focus on quantifying the injected
length of rod, for helix initiation, lh.

3.2 Comparison With Existing Theories. McCourt et al.
[16] and Wicks et al. [17] have previously rationalized the onset
of helix initiation through scaling analyses and energy minimiza-
tion arguments. Both theories consider perfect contact along the
entire injected length with axial (but no lateral) dry Coulomb fric-
tion between the rod and the pipe and predict that helix initiation
occurs at

lh ¼
2
ffiffiffi
2
p

l

ffiffiffiffiffiffiffiffiffi
EI

wDr

r
(3)

where EI is the bending stiffness of the rod (I is the second
moment of inertia), w is its weight per unit length, and Dr is the
radial clearance that characterizes the extent of the cylindrical
constraint (see schematic in Fig. 2(a), inset). Both groups
ported the critical helical buckling load, Ph, from previous stud-
ies that analyzed a long fixed length of rod pinned inside a
cylinder [10]

Ph ¼ 2
ffiffiffi
2
p ffiffiffiffiffiffiffiffi

EIw

Dr

r
(4)

McCourt et al. [16] also conducted experiments where an elas-
tomeric rod was inserted into glass constraining pipes, obtained
injection forces as a function of injected lengths and found good
agreement with analytical predictions. Our experiments build on
these previous results by systematically controlling the natural cur-
vature of the injected rod (through in-house manufacturing) as well
as the friction between the rod and constraining pipe (through a rig-
orous surface treatment and cleaning protocol). The video record-
ings of the rod during each experiment, near the injector, also
enabled precise tracking of lh, as shown in the corresponding video
frame in Fig. 1, III, which we are able to systematically quantify.

In Fig. 2(a), we plot our experimental results for the injected
length at helix initiation, lh, as a function of radial clearance, Dr
(the solid data points are means of 10 runs with error bars repre-
senting one standard deviation in both directions). The prediction
from Eq. (3) is represented by a solid line (for l¼ 0.54) and the
dashed lines include the uncertainty of the friction measurement
in the theoretical result (l¼ 0.54 6 0.11). In Fig. 2(b), we plot the
experimentally measured values of the reaction force at helical
initiation, Ph. Data points are the mean of 10 runs, with error bars
representing one standard deviation in the reaction force over the
injected length interval lh � lj j < 0:02m. These experimental
data are also compared to the theoretical prediction, Eq. (4), repre-
sented by the solid line (no dashed lines are given, as Eq. (4) is
independent of l).

Good agreement is found between experiments and both Eqs. (3)
and (4), with no fitting parameters. For example, for tight clearan-
ces (e.g., Dr ¼ 1:75� 10�3m), helix initiation occurs significantly
later than for larger clearances (e.g., Dr ¼ 9:30� 10�3m), by
nearly a factor of three. This can be understood by realizing that for
the rod to buckle, it must “climb” the curvature of the constraining
pipe, 1/Dr, which carries a greater cost in gravitational potential
energy for the smaller diameter pipes.

In Fig. 2(c), we plot lh as a function of injection speed, v, which
was not taken into account in the formulations of Eq. (3). We
observe that lh is approximately constant in the range of tested
injection speeds (1< v (cm/s)< 15). This result suggests that iner-
tial effects due to injection can be neglected in this case of zero
vertical vibration of the constraint. This is to be contrasted with
the results in Sec. 4, for the case of a vertically vibrating the con-
straining pipe (C> 0), where we find that v can have a significant
effect on lh.

4 Injection Into a Vibrated Pipe

We now turn to strategies to mitigate lock-up. One possibility
to delay helix initiation might have been to vary l, EI, w, or Dr
according to Eq. (3), but this is typically impractical for applica-
tion in the field. Obtaining significant changes in these properties
would require replacing the steel used in coiled tubing with more
uncommon/costly materials, increasing the thickness of the coiled
tubing or pumping additional fluid additives to decrease l.
Instead, we consider transverse vertical vibrations (C> 0) as a
driving mechanism to excite dynamic deformation modes in the
rod that destabilize the frictional contacts with the constraint. We
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used high-speed imaging to observe that vertical vibrations of the
constraint do indeed cause intermittent contact loss between por-
tions of the rod and the glass pipe.

Next, we systematically study the dependence of helix initiation
during vibration tests on injection speed (Sec. 4.1), dimensionless
acceleration (Sec. 4.2), and frequency of vibrations (Sec. 4.3). The
static helix initiation length, lh, for the static case described above is
taken as a reference base, against which improvements are com-
pared to. As such, for the remainder of this paper, values of helix
initiation length for the vibrated case will be normalized by lh, for
the same radial clearance, and reported as �lh. Due to the agitation of
the rod/constraint contact due to the vibration, five tests were run for
each experimental data point plotted (instead of the ten for static
case), with error bars representing the standard deviation.

4.1 The Effect of Injection Speed. In Fig. 3, we plot the
experimentally measured normalized helix initiation length, �lh, as
a function of the normalized injection speed, �v ¼ v=vpk, where vpk

is the peak velocity of the sinusoidal driving, defined in Eq. (2). In
this experimental run, we used a pipe with diameter D¼ 21.7 mm,
resulting in a radial clearance Dr¼ 9.3 mm. The two horizontal
dashed lines at �lh � 1 correspond to the range of experimental val-
ues measured in the static case, shown above in Fig. 2(c). Three
data sets are shown for different vibration frequencies, f¼ {50,
100, and 200} Hz, while keeping the dimensionless acceleration
constant at C¼ 2. Two distinct regimes can be identified, which
are separated by the vertical line in the plot.

For �v > 1, which we refer to as the fast injection speed regime,
the improvements in �lh are small (less than an improvement factor
of 1.5 above the static value) and independent of f. By contrast, in
the slow injection speed regime, for �v < 1, the helix initiation
length increases dramatically with decreasing �v and improvements
of up to a factor of three are observed. Moreover, these improve-
ments are largest for the lowest tested frequency, f¼ 50 Hz. We have
not yet been able to rationalize this frequency effect but hope that our
results will motivate future work in this direction. For experiments
with tighter clearances (e.g., with D¼ 12.0 mm, Dr¼ 4.4 mm), we
have observed similar improvements in �lh, for �v < 1.

The behavior in the slow injection regime is in contrast to the
results of the static case shown in Fig. 2(c), which were

independent of v. We speculate that, under vibrations of the con-
straining pipe, the velocity-dependent behavior arises from the
introduction of a new time-scale. This is presumably associated
with the dynamics of relaxation of a sinusoidally buckled rod into
a straight configuration, under destabilization of the frictional con-
tacts caused by vertical vibration. Though we have not yet been
able to quantitatively rationalize this effect, our results point to
the existence of a critical injection speed, below which reach can
be dramatically improved for a given energy input through the
vibration loading.

4.2 The Effect of Dimensionless Acceleration. We proceed
by studying the effect of varying the dimensionless acceleration,
C, of the imposed vibration, while fixing the injection speed at
v¼ 0.1 m/s, in the fast injection regime (1:6 < �v < 62:5 for all
cases tested). In Fig. 4, we plot �lh as a function of C, for three val-
ues of vibration frequencies, f¼ {50, 100, and 200} Hz. All three
datasets exhibit approximately the same behavior and there is
minimal dependence on frequency (similarly to what was
observed in Fig. 3, for �v > 1). For low values of acceleration, in
the range 0<C< 1, we find that �lh � 1. Beyond C> 1, however,
there is a monotonic increase of �lh. These results provide a mini-
mum design requirement for the magnitude of acceleration needed
to induce improvements in reach.

Using high-speed video, the flight time of the rod, i.e., the time
during which a section of the rod loses contact with the surface of
the vibrating pipe, was also found to increase monotonically with
increasing C. This partial and intermittent reduction in contact is
responsible for a reduction of the axial stresses along the rod,
which in turn results in an increase in �lh.

4.3 The Effect of Frequency. In Fig. 5, we present the fre-
quency dependence of �lh, for datasets with different values of the
radial clearance, Dr, in the slow injection regime, �v ¼ 0:1.
Throughout, the acceleration was kept constant at C¼ 1.75. The
frequency response of the system can be classified under two gen-
eral groups, with qualitatively different behavior. For some values
of radial clearance (e.g., Dr¼ {1.75, 6.6, and 7.7} mm, data points
connected with dashed lines), �lh is approximately constant or
slightly decreasing with increasing f. The curves for the remaining

Fig. 3 Normalized helical initiation length, �lh, versus normal-
ized injection speed, �v , for a rod injected into a pipe with
D 5 21.7 mm and Dr 5 9.3 mm. Experimental error bars are the
standard deviations of 5 runs per injection speed. The dimen-
sionless acceleration is C 5 2, with f 5 {50, 100, and 200} Hz.
The dashed horizontal lines represent the range of the experi-
ments with no vibration reported in Fig. 2(c), and the solid verti-
cal line shows the separation between fast ð�v > 1Þ and slow
ð�v < 1Þ injection speeds.

Fig. 4 Normalized helical initiation length, �lh, versus dimen-
sionless acceleration, C, for a rod injected into a pipe with
D 5 21.7 mm and Dr 5 9.3 mm. The error bars on the experimen-
tal data are the standard deviations of 5 runs per injection
speed. For all runs, the injection speed was v 5 0.1 m/s (fast
injection speed for all cases) and three vibration frequencies
were tested, f 5 {50, 100, and 200} Hz. The dashed lines repre-
sent the range of the experiments with no vibration reported in
Fig. 2(c).

021003-4 / Vol. 82, FEBRUARY 2015 Transactions of the ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 12/12/2014 Terms of Use: http://asme.org/terms



clearances (Dr¼ 3.3, 4.4, and 9.3 mm, data points connected with
solid lines) exhibit peak responses at specific values of f� 40, 60,
and 70 Hz, respectively, reminiscent of a resonance behavior. The
largest clearance, Dr¼ 9.3 mm, shows the strongest frequency
dependence, with its peak response leading to �lh varying between
a factor of improvement between 2.5 and 4. Other clearances
(both with and without peak responses) exhibit improvements of a
factor typically between 2.5 and 3.5. For the smaller clearances
(Dr¼ {1.75, 3.3} mm), the experimental apparatus was extended
to 3.65 m, maintaining the same clamp and shaker spacing, to
accommodate these gains in lh.

For the clearances with a peak response, the peaks are observed
at frequencies equivalent to the resonance of a clamped beam
with a length equal to a fraction of the predicted buckled wave-
length (between one-quarter and one-half of the buckled wave-
length). High-speed video analysis also indicates that the rod loses
contact with the bottom of the constraint between the peaks of the
sinusoidally buckled rod, which is equivalent to approximately a
half-wavelength length scale. The nontrivial dependence of the fre-
quency at which these peaks occur on Dr is likely complicated by
the loss of contact that arises from the incompatibility between the
curvatures of the buckled configuration of the rod and the radius of
the constraining pipe. A detailed analysis of this effect would
require a predictive numerical analysis of the statistics of the seg-
ments of the buckled wavelength that remain in contact with the
pipe, which is beyond the scope of this experimental work.

Finally, we note that while keeping C constant for ease of com-
parison to Secs. 4.1 and 4.2, the power supplied to the model sys-
tem through the shakers was frequency dependent. Specifically,
the power supplied at constant C is inversely proportional to
vibration frequency (that is, Power / Cvpk / 1=f). While this is in
line with the observed trend of decreasing lh with increasing f for
the clearances without peak responses, it may also mask other
frequency-dependent processes, such as a peak response behavior.
However, our finding that there are no deconstructive frequency
ranges (that would lead to �lh < 1) is important for practical engi-
neering applications to extend reach, as it demonstrates that there
are no detrimental frequencies of vibration.

5 Conclusion

We reported results form an experiment on the injection of an
elastic rod into a horizontal, cylindrical constraint. Initial tests of

the so-called static configuration (with no vertical vibration of the
constraining pipe) showed good agreement with existing theory
regarding the length of rod and the reaction force at helical initia-
tion, both of which were found to be independent of the speed of
injection. Upon vertical vibration of the constraint, however, we
found that helix initiation could be delayed, thereby extending
horizontal reach up to a factor of four when compared to the static
case. This extension in reach is a result of the loss of contact
between the injected rod and the constraint.

In the vibrated case, both the injection speed (provided �v < 1)
and the magnitude of the acceleration (for C> 1) have a strong
effect on determining the magnitude of this reach extension. At
slow injection speeds, frequency was observed to have a complex
effect on reach extension, with some clearances observed to
exhibit resonant peaks, while others did not. We proposed that the
frequency at which these peaks occur is set by the mechanical res-
onance of portions of the rod that lose contact with the constraint,
although further investigation will required for a predictive under-
standing of this phenomena. This nontrivial effect presumably
arises from the incompatibility between the curvature of the rod
in its buckled configuration and the radius of the cylindrical
constraint, which affects the contact ratio between the two.

We hope that our experimental results will motivate future com-
putational and analytical efforts toward rationalizing this new
active mechanism to inject a rod farther into a cylindrical con-
straint, which is a problem of practical engineering relevance
across several length scales. Whereas, for convenience, we have
focused on the case of a vibrated constraint, we speculate that simi-
lar performances should be realizable by vibrating the rod instead.
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